Abstract. In this paper we establish general well-posedeness results for a wide class of weakly parabolic 2 × 2 systems in a bounded domain of R N . Our results cover examples arising in sulphation of marbles and chemotaxis, when the density of one chemical component is not diffusing. We show that, under quite general assumptions, uniform L ∞ estimates are sufficient to establish the global existence and stability of solutions, even if in general the nonlinear terms in the equations depend also on the gradient of the solutions. Applications are presented and discussed.
Introduction
In this paper we study a class of reaction diffusion systems of the form for (x, t) ∈ Q T := Ω × (0, T ] (T > 0), where Ω is a bounded C 2 subset of R N and ϕ, F, G are given smooth functions, which verify some assumptions which will be specified later on.
We complement the system (1.1) with the initial conditions (1.2) s(x, 0) = s 0 (x), c(x, 0) = c 0 (x) , and the Dirichlet boundary conditions for the unknown s (1.3) s(x, t) = ψ(x, t) for (x, t) ∈ ∂Ω × (0, T ].
It is possible to deal with Neumann boundary conditions by using similar arguments. Degenerate parabolic systems in the form (1.1), for particular choices of functions F, G and ϕ, have been studied by several authors because of their large applicability to chemical and biological phenomena: sulphation in calcium carbonate stones [11, 12] , penetration of radiolabeled antibodies into tumor tissue [13] , chemotaxis and angiogenesis processes [15, 7, 4, 5, 3] . For this last application, we remark that some Keller-Segel type models for chemotaxis can be rewritten in the form (1.1) by a simple change of unknown; see Section 6.
The local (in time) existence of solutions for this problems can be easily deduced by fixed point or compactness techniques, together with classical results for linear and semilinear parabolic equations; however, global existence results, in several space dimensions, are still a question of large interest, strictly connected to the stucture of the reaction terms F and G and to the function ϕ. One has to taking into account the degeneracy of the system and the nonlinearity of the divergence term; so, classical techniques involving the global boundedness of Holder norms are not useful in this context and, due to the presence of terms in the form ∇s · ∇c in the first equation, methods based on the uniform boundedness of s L ∞ are not directly applicable (see [18] ). Moreover system (1.1) does not verify the coupling conditions of Shizuta-Kawashima for hyperbolic-parabolic problems [16] .
In the present paper we establish a result of global existence and uniqueness for weak solutions to problems (1.1), under suitable general assumptions on F, G and ϕ. Results for some specific examples, following a similar approach, can be found in [15, 11, 12] in one space dimension and in [3, 5] in several dimensions.
Our approach consists in a general sharp continuation principle: the growth in time of a natural weak norm, i.e. the norm C([0, T ]; W 2,q (Ω)) ∩ C 1 ([0, T ]; L q (Ω)), can be controlled in terms of the data and of the norms s L ∞ (Q T ) and c L ∞ (Q T ) . Moreover the solutions are proven to verify a stability result with respect to the data and then a uniqueness result. These results generalize those obtained for standard reaction-diffusion systems, see for instance [17, 18] and references therein.
It is easy to give sufficient conditions to guarantee a priori L ∞ bounds on s and c, and some examples will be given in Section 6. However, it is well known that, for some choice of F , G and ϕ, it could be hard to find this kind of bounds. Actually, in some special cases, the blow up in finite time of these quantities has been even proved [7, 8, 19] . For this reason it would be important to obtain global existence results without assuming a priori L ∞ bounds, possibly assuming some restrictions on the data. In [3] the authors study the Cauchy problem for a chemotaxis model in several space dimension and treat the global existence question without any informations about L ∞ norm of s; they assume small initial data for s and prove that the L p (R N ) norms of solutions are globally bounded. Here, in the same spirit, but in the case of a bounded domain with Dirichlet boundary conditions, we obtain a global estimate for L p -norms of the solutions, under smallness conditions on the data, which holds for a class of functions F, G not ensuring the global boundedness of s in L ∞ norm; in fact the reaction term in the first equation of (1.1) is allowed to grow possibly with a quadratic rate. Boundary conditions introduce some complications in the proof, which are solved by a direct estimate.
We conclude this section with a brief description of the plan of the paper. In the remainder of this section we state the main assumptions on the data and on the functions F, G and ϕ. Section 2 is devoted to prove a priori estimates for solutions in
, for large q; these estimates are written in details in order to explicit their dependence on the data, on T and on the norms c L ∞ (Q T ) and s L ∞ (Q T ) . In fact they will be used not only in Section 3, to prove a precised local existence result by compacteness method, but mainly in Section 4 where we show how to control their growth in time and prove global existence, stability and uniqueness for weak solutions corresponding to initial and boundary data satisfying the assumptions introduced below. In Section 5 we weaken the assumptions on F, G and ϕ and prove a global estimate for L p norms of solutions in the case of small data. Finally, in Section 6 we apply our results to some reactiondiffusion systems modeling chemical and biological phenomena.
Assumptions
Here we write in details the assumptions to be verified by the data and by the functions ϕ, F, G.
the trace of the function ψ verifies
Moreover we assume that: a) G(s, c) is a continuos function defined over (R + ) 2 with its first and second derivatives defined over (R + ) 2 and bounded over bounded intervals I ⊂ (R + ) 2 ; b) F (s, c) is a continuos function defined over (R + ) 2 ; moreover its first and second derivatives are defined over (R + ) 2 and bounded over bounded intervals
2 ; c) the functions ϕ(c), ϕ (c), ϕ (c) are defined over (R + ) 2 and bounded over bounded intervals I ⊂ R + ; d) for all T > 0 the functions F, G allow to determine a priori three quantities, c 
A priori estimates
We will obtain our existence and uniqueness results by an iterative prcedure, which involves the study of the problem described below. We introduce the following sets of functions
2)
Here S T ∞ is the quantity introduced in assumption d) of Section 1 .
Let q > P and fix f ∈ X q . We take the solutionc of the ordinary differential problem
where c 0 ≥ 0, c 0 ∈ W 2,q (Ω) and the solutions of the initial-boundary problem
We will obtain some a priori estimates for the solutions of the above problems. Our first step is to prove some a priori estimates for the solution of (2.3).
Proposition 2.1. Let f ∈ X q and letc be the solution of (2.
where
Proof. First we derive the equation in (2.3) with respect to x j and we multiply it by |c xj | p−2c xj , obtaining
Now, integrating over Ω × (0, t) and using Young's inequality we have
Inequality (2.6) follows by the same technique.
Thanks to the previous proposition and the results in [14] we can assert that problem (2.4) has a solutions
. Moreover we remark that, if the data are smooth enough and satisfy standard compatibility conditions on the set {(x, t) : x ∈ ∂Ω , t = 0},s is a classical solution belonging to the space C 2+α,1+ α 2 (Q T ) Now, we are going to prove that, if f ∈ X q thens ∈ X q . All the computations in the proofs of the following results are made for classical solutions and then, by density arguments on the data, extended to solutions in X q . Notice that in the following estimates we are going to stress the dependence of all the constants on the data of the problem. First we obtain the estimate of ∇s in L 2 (Q T ).
Lemma 2.1. Let T > 0, f ∈ X q and let (s,c) be the solution of (2.
where ϕ T m is the quantity introduced in assumption e) of Section 1,
ϕ(c),
, and
Proof. We introduce the function s =s − ψ and we multiply the equation in (2.4) by s. Integrating by parts over Q T we obtain
Then, in the case N > 1, by Cauchy inequality,
and the claim follows.
In the case N = 1 we use the estimate
and we obtain the claim in similar way.
The following lemma gives an estimate for the L p − norm ofs t in terms of the data L p − norm of ∇s.
Then, for suitable small and 1 < p ≤ q, there holds
where A p and B p are positive constants depending on p and
Proof. We use again the function s defined in the previous proof. We derive with respect to t the equation (2.4), then we multiply it by |s t | p−2 s t and, writing the time derivatives of ϕ in terms of G(f,c) using (2.3), we have
Now we integrate over Q T and taking into account that s t is zero on ∂Ω × [0, T ], we have
So, using Cauchy inequality to treat the term on the right hand side, we obtain
Now we use Young's inequality to replace the terms with (p − 1) and (p − 2) powers of |s t | on the right hand side of the above inequality by p powers for the quantities s t , ∇s, ψ, ψ t , ψ tt , ∇ψ t :
It follows that
So, by Gronwall lemma we obtain
In the next lemma we estimate
and of the data.
Then there exist two positive constants N ∇ , N ∆ , depending on p and on Ω, such that, for all 1 < p ≤ q,
and
Proof. Let p ≥ 1. For suitable N 3 depending on p, we have
By using Holder's inequality, we obtain (2.8)
Now, by using Gagliardo-Niremberg's interpolation inequality we obtain the following estimate
, where C GN and N 2 are suitable constants depending on p and Ω.
Using the above estimate in (2.8) we have
therefore the quantity ∆s p 2 p,Ω can be estimate as follows
Now we can use the previous estimates in (2.9) to obtain
, which proves the claims.
Estimate (2.7) provides the starting point for a recurrency procedure which, by using Lemmas 2.2, 2.3 and interpolation results in L p spaces, proves that if f ∈ W q (T ), for q > P , thens ∈ W q (T ). The proof is straighforward in the case q = 2 M , for some integer M > 0. Otherwise 2 M < q < 2 M +1 , for some integer M > 0; in this case the recurrency argument gives a bound for sup s t p,Ω for p ≤ 2 M , in particular for p = we obtain thats ∈ W q (T ). The results of this section imply that if f ∈ X q thens ∈ X q .
Local existence
We introduce the maps Φ c and Φ s which associate to f ∈ X q , q > P , respectively the solutionc to problem (2.3) and the solutions ∈ X q to problem (2.4); moreover, starting from s 0 ∈ X q , we define by recurrency the sequences c n = Φ c (c n−1 ) and s n = Φ s (s n−1 ) for n ∈ N. Thanks to the results of the previous section, we are going to prove local uniform estimates for them.
Thanks to the assumption d) in Section 2, we know that, for all T > 0, the sequences are uniformly bounded in L ∞ (Q T ) .
We remark that the estimate in Lemma 2.1 depends on f andc only through the quantities S
, Ω and T , non decreasing with T , independent on n. Moreover, by using Lemma 2.2, for 1 < p ≤ q, we have
where D i (p) , i = 1, 2 are positive quantities depending on the data, S , Ω and T , non decreasing with T , independent on n.
By using Proposition 2.1 we are able to estimate the norms of c n+1 by means of s n (3.5) sup
where D , Ω and T , non decreasing with T , independent on n. Therefore the inequalities (3.3) and (3.4) can be rewritten as follows
. , Ω and on T ; moreover they are non decreasing when the previous quantities increase and are independent on n. 
Let us emphasize that constants
Proof. Let δ be large enough to have the inequality (3.9) satisfied for s 0 over the interval [0, T ]; we shall show that there exists T q , 0 < T q ≤ T , depending only on the data, S 
and sup
Now we use a recursive argument based on inequalities (3.2), (3.6), (3.7), which allows to obtain L 2p estimates provided L p estimates: provided T 2 m we choose
In a finite number of steps we determine T q such that inequalities (3.8)-(3.10) are satisfied by s 1 . Since T q depends only on the data, T, S
, by inductive argument we prove the claim. Proposition 3.2. Let q > P , s 0 ∈ X q and T q be the quantity introduced in the previous proposition. The sequences {s n } and {c n } are uniformly bounded in W q (T q ).
Proof. By (3.1), Proposition 3.1 and interpolation results in L p spaces we obtain uniform estimates in
(Ω)); hence we can perform one step of the recursive argument introduced in the proof of Proposition 3.1 which allows to obtain the uniform estimates in
. As regard to the sequence {c n }, the claim follows by inequality (3.5), (2.6) and (3.7). Now , by compactness techniques, we are able to prove the following existence theorem.
Theorem 3.1. Take q > P , and let c 0 , s 0 , ψ ≥ 0, with s 0 , c 0 ∈ W 2,q (Ω) and ψ ∈ C([0, T ); 
Proof. Thanks to Proposition 3.2, we can can use compactness arguments to prove that a subsequence of {s n } converges weakly
) to a limit function s; the same arguments prove that a subsequence of {c n } converges weakly
For all z ∈ C 1 0 (Ω×[0, T q )), the functions of the sequence {s n } satisfy the following problem (3.14)
and the functions of the sequence {c n } can be written
Since the sequences s n and c n are relatively compact in L 2 (Ω Tq ) and ∇s n is bounded in the same space, we can pass to the limit for n → ∞ , along subsequences, and show that the pair (s, c) is a local weak solution of problem (1.1)-(1.6).
Global existence, stability and uniqueness
In this sections we first show that the local solution obtained in Section 4 can be extended over every time interval [0, T ); then we state a stability theorem, with respect to the data, for weak solutions belonging to C([0, T ); W 1,P (Ω)), where P is defined in Section 1. The consequence of this result is the existence and uniqueness of global weak solutions belonging to the above space. 
Proof. Let (s, c) be the local weak solution obtained in Theorem 3. On the other hand, the estimates obtained for the sequences {s n }, {c n } in the previous sections can be derived, by the same thecniques, for the solution of problem (1.1)-(1.3) . First of all, in analogy with (3.1) and (3.2), we have .3) sup
are the quantities introduced in (3.5); moreover, arguing as in Lemma 2.3, thanks to the above estimate, we obtain the following inequalities (4.4)
are the quantities introduced in (3.6) and (3.7). Using the Gronwall lemma in (4.4) , we obtain the estimate of sup , Ω, T ; it follows that τ depends only on these quantities and the extenction procedure can be repeated until reaching T .
The final part of this section is devoted to establish a stability result in the norm |f | X := sup (Ω×(0,T ) ) . First we need to prove the following lemma, P being defined as in Section 1. 
Proof. Taking into account that
we easily estimate the term |c − c * | as follows
Concerning the term ∇c − ∇c *
Now we treat the fourth integral on the right hand side in the following manner
For these choices of the parameters (p, r), we have the following embedding (see [14] )
This yields
and, by arguing as above, we estimate in the same manner the other three integrals which follow. Hence, we use these estmates in (4.6) to obtain
and sup (0,T ) ∇c * L P (Ω) . Now the claim follows putting together (4.6) and (4.8), since we obtain
where 
to problem (1.1), corresponding respectively to initial-boudary data (s 0 , c 0 , ψ) and (s * 0 , c * 0 , ψ * ), then there exists a costant K, depending on the data, P, T, S
where p = 2 if N ≥ 2 and p = 1 if N = 1.
Proof. We introduce the functions s = s − ψ and s * = s * − ψ * . We subtracting the equation satisfied by s * by the one satisfied by s, we multiply by (s − s * ) and, integrating over Q T , we obtain (4.9)
where ϕ * = ϕ(c * ), F * = F (s * , c * ). For the term on the left hand side we have
and for the third term on the right hand side
We recall that, thanks to the results in Lemmas 2.2 and 2.3, we can bound the
This fact , together with the previous stability result, imply the main theorem for the existence and uniqueness of weak solutions to problem (1.1)-(1.6) . 1)-(1.6) .
A uniform L p estimate
The results obtained until now are strongly based on the assumption that a priori L ∞ bounds are available for the solutions of system (1.1). On the other hand, it is known that for several systems in the class (1.1) such estimates can be hardly obtained and, actually, in some case we have even the blow up in finite time of the L ∞ norm of solutions (see [19, 3] ). In [3] the authors proved a uniform L p -estimate for the solutions of a reaction-diffusion system, related to chemotaxis modeling, which can be written in the form (1.1) with F (c, s) = 0 and G(c, s) = −ϕ(c)c γ s (see next section), without using the global boundedness of L ∞ norm; they prove their result for the Cauchy problem, in several space dimension, by controlling the growth in time of
In the same spirit, here we show that it is possible to obtain the same kind of global L p estimate for our initial-boundary value problems, again without any assumption about global boundedness of the L ∞ norm of the solution. Let us assume that, for all T > 0, the function G allows to determine a priori two quantities, c 
there exists a constant k such that
Then we are going to prove the following theorem.
Theorem 5.1. Assume condtion a)-c) and e) of Section 1, and the new condtions (5.1) and (5.2). Let N > 2 and q ≥ max{1,
. Now we treat the first term in the right hand side arguing as in [3] ; by using standard interpolation and the Gagliardo-Niremberg-Sobolev inequality , for all p ≥ max{1,
. By using the above inequality in (5.3) we have
Next, we use this relation for p = N 2 and prove that the assumptions of the theorem, for suitable constants
. In absence of the term D(p, t), here it would be sufficient to assume ϕ
is negative (see [3] ). In our case we have to use a supplementary argument. We shall show that if K 1 and K 2 are small enough such that
.
The main argument in the proof is showing that, if for some
In order to prove (5.7), by means of Holder inequality and (5.5) we obtain
; now we use this relation for p = N 2 and we have
which implies (5.7). Then, for t = t, thanks to the assumptions on tha data, we have
is small in such a way that
the quantity in parentheses on the right hand side of (5.6) is negative for p = q, for all t > 0; it follows that Ω ϕ|s| q dx is bounded in terms of We remark that if F (s, c) = 0, then the above result holds also for N = 2, as in [3] .
Applications
The results obtained in this paper can be applied to several reaction-diffusion systems proposed as models for chemical and byological processes.
Sulphation phenomena.
First of all we consider to the following nonlinear system of parabolic equations which arises to describe the evolution of the chemical reaction of sulphur dioxide with the surface of calcium carbonate stones
. In (6.1), s stands for the porous concentration of SO 2 , namely the concentration taken with respect to the volume of the pores, c for the local density of CaCO 3 and the function ϕ(c) is the porosity. This model has been introduced in [2] to describe the transformation in time of CaCO 3 (calcium carbonate) stones under the chemical aggression due to the action of SO 2 (sulphur dioxide). This reaction converts the calcium carbonate on the surface of a stone, in a thin crust of calcium sulphate (gypsum). Global existence and uniqueness results and analisys of the macroscopic behavior in time of the crust of calcium sulphate are obtained in [11] and [12] in the case of one space dimension. The interested reader can look at [2, 1, 9] and the comprehensive book [10] for more details about the chemical background as well as for other related references. One of the main features of the model is the fact that the porosity function ϕ is assumed to depend on the local density of the calcite c, actually as a linear function ϕ(c) = A+Bc, which is strictly positive on the interval
It is easy to see that assumptions a),b) and c) of Section 2 are satisfied by system (6.1). As regard to assumption d),e) we first observe that the function G is nonpositive and G(s, 0) = 0 for all value of s ∈ R + , so we immediately obtain the bound 0 ≤ c ≤ c 0 ∞ . This means that there are two strictly positive constants ϕ m < ϕ M , such that
In particular, this implies that min{A, A + B c 0 ∞ } ≥ ϕ m > 0. In order to obtain the a priori L ∞ bounds for s, we explicitely write the source term of the first equation in (6.1)
Since this term vanishes when s vanishes, for all value of c , we easily obtain the nonnegativity of s; on the other hand, if ϕ (c) < 0, then −cs(1 − ϕ (c)s) ≤ 0 for s, c > 0, which implies that s remains bounded by s 0 ∞ , while , if ϕ (c) > 0 , the same bound is ensured by assuming that s 0 ∞ < 1 ϕ (c) (see [11] and [12] for more details).
As a consequence of the above considerations, the results of the present paper provide global existence and uniqueness result for weak solutions to system (6.1) when the data satisfies (1.2)-(1.6) and, in the case of increasing ϕ, under a further smallness assumption on the data.
Chemotaxis phenomena. A second example of reaction-diffusion system where our results apply, is given by the following class of Keller-Segel type models of chemotaxis where u represents the density of some motile living species and c represents the concentration of chemical species. The coefficient µ > 0 is the motility coefficient which here is assumed to be constant and the term uχ(c) is the chemotactic sensitivity function which here is assumed to be linear in the species u. The function χ is usually assumed nonnegative and non increasing. This class of systems was largely studied when the second equation contains an additional linear diffusion term (see [6] for a survey of results).
A global existence result for system (6.2) with f (s, c) = 0 and g(s, c) = −sc α can be found in [3] ; in [19] the authors studied the system with χ(c) = which belongs to the class studied in this paper, provided that the functions ϕ, G, F satisfy the assumptions in Section 2 or 5; notice that, by definition, ϕ is nonnegative and then the same holds for ϕ (c).
In particular, global existence and uniqueness of solutions to system (6.2) follow in the cases when a priori the L ∞ bounds in assumption d) of Section 2 can be derived for system (6.3) and then Theorem 4.3 holds.
Here we will show some examples for which such a priori estimates can be proved. All the other assumptions stated in Section 2 are easily verified.
We treat the case f (u, c) = 0 and g(u, c) = αu − βc, α, β > 0 and for semplicity we assume µ = 1; then system (6.3) has the form The class of functions ϕ we are dealing with, contains obviously linear functions, strictly positive for c ∈ R + , which correspond to chemiotactic functions of the form χ(c) =
